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Part 1

The Artificial Counterfactual Estimator



Synthetic Control: Recap
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The SCM construct the counterfactual outcomes as a weighted average of units
from a donor pool using pre-intervention periods such that:

1 1
ZHlW Yii = Y11, Zj:QW Yio = - Y12,
S w Y, =Yg, and YL wiz =17,

We obtain the treatment effect for t (with t > T ) as:

J+1
Tie = Y1 — Z W Ve

j=2
The credibility of the SC depends on the extent to which it can fit the trajectory of
Y1: for an extended pre-intervention period

There is no ex-ante guarantee that SC will be a good fit.

The risk of overfitting in high dimensional settings. Ben-Michael et al., 2021
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Common Challenges & B

The SCM leverages on time series behavior of the treated and untreated unit
prior the intervention.

Implicit in this setup is the assumption that, the relationship between the treated
unit and control unit remains stable after the treatment.

There is no unobserved shocks or factors that distraught the time series
behaviour post treatment.

Example: unobserved economic shock or recession hits California after the
proposition 99.

The problem of Non-stationarity in variable of interest.

The problem of dependencies of the errors across units and time.



Time series dynamics
matters.
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A Optimization based approach: Classical Synthetic Control methods.

B Statistical Based Framework: Imposing model(parametric) on the counterfactual
outcomes:

Factor Models: Special example is the FarmTreat estimator by Fan et al., 2022.
Capture unobserved shocks or factors.

Yi,t(o) = V;M/i,t + )\//Ft + €t

Autoregressive or Moving Average: Model time series dynamics. Ben-Michael et al.,
2021 imposes an AR process with Regularization (Ridge, Lasso) to deal with
over-fitting.

State space model with Bayesian framework by Brodersen et al., 2015.

ArCo Estimator: Deals with High Dimensional setting.



Artificial Counterfactual Estimator EMORY

The goal here is to estimate the multivariate average treatment effect of an
intervention on a treated unit.

This extension is more applicable to macroeconomics models: examine the
effect tax policy on {GDP, inflation and Unemployment.}

This is a high dimensional setting as we have large dimensional set of variables
from pool of donors.

This estimator developed by Carvalho et al., 2018 is based on a simple two step
procedure.
1. Estimate the counterfactuals based on large dimensional set of variables from donor
pool using LASSO operator.
2. In stage 2, Compute the average intervention effect using the post intervention
periods. Show that this estimator is asymptotically normal and consistent.



Framework ) EMORY

Suppose we have n units, indexed asi=1,...,n.

For each unit at eachtimet=1---T, we observe a realization of a set of variables
N )

Zjy — (erlt, 800 7ZZ’) € Rq’,qi > 1.

Given the outcome of interest is y,, there exist a h : R?* — R is a measurable

function such thaty, = h (zy;)
Unit i = 1 receives the intervention D; at time T

The observable variables of unit 1 asy,, = D'} + (1 — D) y'?, where
D; = I(t > T())
y ¥y, t=1,....,To—1
‘ se+y”, t=To...,T

where {5t}tT:T0 is a deterministic sequence representing the treatment effect of
unit 1.
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The parameter of interest:

-
1
A = ———————
T TfT0+1tZ:T06f

This is similar to the traditional average treatment effect on the treated (ATET).

(0)

!/
Construct lety;” using Zy; = (z{)t,‘...,zgtfp) , where zo; = (2, ..., 2,,)".

The dimension f Z,; depend upon the number of peers (n — 1), the number of
variables per peer, g;,i = 2,...,n, and the choice of p.

Consider an approximating model
) _ A (Zer. 0 . -
Vi M (Zot,00) + v, t=1,...,

where M : 2y x© = Y, E(v) =0
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ArCo Estimator EMORY

Definition
The artificial counterfactual (ArCo) estimator is

T

~ 1 -
Ar=
! T—T0+1§)6t

where 6, =y, — M (ZOtﬁTl), fort=T,,...,Tand 6y, is a consistent estimator for 6,
using only the first T; observations of the data (pre-intervention).

The core advantage of the ArCo estimator is that it disentangle the intervention
effect from other macroeconomic or aggregate shocks that occur
simultaneously.

However this holds if the shock affects both the treated and control units, then it
cancels out.

10



UNIVERSITY

Identifying Assumptions EMORY

The ArCo estimator is identified under the assumption that:
1. To is known i.e. No anticipation effects.
2. 2o+ 1. Ds YVt sie. stronger assumption version of No interference.

The first stage of the ArCo method requires a choice of M.
The choice of M is just an approximation of the true model m(Zo¢) = E(y:) | Zor)

Due to the dimension of Zy, propose M (Zy, 00) = (04 1 X1z, .- -, eg)qxq;)/, where
X: = hy (Zyt) and both x; . and 6, ; are d;- dimensional vectors forj=1,...,q.

Setri=m(Zy;) — M (Zy, 0,) as the approximation error and e; = y§0> —m(Zy) as
the projection error.

11
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We obtain the counterfactual model as:
0 .
y/‘(t)zef),jxj,tJerr, j=1,...,q

The dimensions d; of x;: can be very large, even larger than the sample size T,
whenever the number of peers and/or the number of variables per peer is large.

Therefore, we estimate 0, via

~ 1
0 = argmin ﬁ Z (yr—)é0)2+<||9H1

t<To

where ¢ > 0 is a penalty term and || - ||; denotes the ¢; norm.

12
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Concluding Remarks ¢} EMORY

The ArCo estimator under reasonable set of assumptions is asymptotically
normal which makes inference in this setting less problematic.

The use of LASSO, ArCo automatically selects the most informative donor units,
reducing bias from weakly or noisy control units.

If donor units are highly correlated with each other, LASSO will regularize the
coefficients, avoiding overfitting.

Hence the estimated 6; captures the cross-sectional dependence between
treated unit and donor pool.

Overlooks the predictability of errors that can distort conditional inference.

13



Part II

Imputation of Counterfactual Outcomes
when the Errors are Predictable
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Motivation




Motivation

Both ArCo and Traditional SCM, has two sources of uncertainty.

1. In-sample Uncertainty (Pre-Treatment):
Uncertainty that arises due finite sampling uncertainty.
Error obtained when estimating the model parameters using pretreatment data.
This uncertainty diminishes as pretreatment sample size T, increases.

2. Out-of-Sample Prediction Uncertainty:
Once the treatment occurs, we never observe the counterfactual outcome.
counterfactual is extrapolated using the fitted model from the pre-treatment data.
The error from extrapolation is not due to estimation but rather variation not

explained by the model.
This uncertainty comes from misspecification. As such this error does not vanish

asymptotically.

15
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However, in many applications or models, the residuals are modeled as
exogenous i.e. a random noise.

If the model is truly exogenous, then the only source of prediction error is
sampling uncertainty.

However,in many cases residuals are predictable (serial correlation,
cross-sectional dependence, or model misspecification),then the counterfactual
model can be improved by adjusting for these patterns rather than treating
them as pure noise.

Goncalves and Ng, 2024 highlights that many counterfactual estimation
methods assume residuals are purely stochastic, but in practice, residuals often
contain systematic variations that can be leveraged to enhance prediction
accuracy.

16



Motivating Example B[O

Consider estimating the economic impact of the 1990 German reunification on
West Germany.

let Y1 = log GDP. Because the GDP data is non-stationary, use GDP growth.
Estimate the counterfactual with a factor model using 16 OECD countries GDP.
Compute the the (in-sample) residuals €; 1.17, = AY; 1.7,(0)— EY]’MO(O).

The residuals are persistent. See Figure

17



Residuals

Residuals

—0.01

-0.02

-0.03

Pre-unification Growth Rate Residuals

— Residuals
* Reunification (1990)

an o

v

1960 1965 1970 1975 1980 1985

Year

1990

NIVERSITY

w lEMORY

Autocorrelation of Residuals
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°
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Cross-Correlation
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Nonspherical Errors
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Goncalves and Ng, 2024 examines how predictable errors (due to serial
correlation or model misspecification) affect model-based imputation, making
standard counterfactual estimates biased.

propose a refined predictor of potential outcomes that accounts for correlated
errors.

They Propose the Practical Linear Unbiased Estimator (PLUP), based on the BLUP
estimator by Goldberger, 1962.

This proposed pre dictor is flexible and not limited to linear models (PUP).

19
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Let N; exposed units before the Ng = N — N; unexposed units such that

Yie(0), i=1,...,N, t=1,...,T
Yit: Y,t(O), i:N1+1,...,N, t:T()+1,...,T
Ye(1) i=1,...,Ni, t=To+1,...,T

Oiro+h = Yiorn(1) = Yiz,4n(0)
—_— Y

Yi:(0) has a pseudo true conditional mean (or mean-unbiased proxy)
mjy = M(B;H) such that foreachi=1,...,Ny;

Yie(0) = mjc + e, t=1,...,T
Yie(1) = mijt + 0je + €, t> To.

Let m;, be a consistent estimate of m;. Then Y;(0) = mj; + €.

20



Prediction Error W

The treatment effect of uniti at a given time t = Ty + h is estimated as:

0i.o+h = Yito1n(1) — Yir,4n(0).
=Yir,+n(1) = Yir,+n(0) + (Y/.Tmth(“) - Y/’,TUJrh(O))
= 0j To+h + MiTo4h + € 7orh — M To4h

The pointwise prediction error is:

0 Tyrh = 01Ty +h = €i7y+h + (MiTon — MiTo1h)

This error has two sources of variation:

in-sample estimation of m;

out-of-sample error e; r, ., Which does not vanish with sample size
Therefore total prediction error variance is minimized asymptotically if mj; is
chosen such that e; does not contain predictable information.

21
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To clarify the differences in the errors structure.

suppose that unit 1 is being treated and the model is linear so that m;; = x;4.
The imputation error is given as: ;7,41 — 01,741 = —X7, .1 (B — B) +€1.7,11
The variance of this prediction error:

-~

n 2 ’
var (51,To+1 - 517T0+1) = 0¢ + X7,41 var(B)Xr,+1

Provided that E [x;e;] = 0, = j3 is consistent then var(3) — 0 as Ty — oo

Thus, the variance of imputation error is dominated by the out-of-sample error
variance o = var (e; 1,+1) asymptotically.

This variance is minimized when e, 1,41 is uncorrelated.

The residual correlation (serially or mutually) occurs from model
misspecification.

22
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Practical Unbiased Predictor
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Recall the Best Linear Unbiased Predictor ( BLUP ) estimator Goldberger, 1962,
which improves prediction by adjusting for the covariance structure of errors i.e.

Ye=XB+ e
yBLUP — X' Bais + Q2 Leis

The Practical Unbiased Predictor (PUP) for serial correlation correction builds on
Goldberger’s Best Linear Unbiased Predictor (BLUP).

Define the baseline predictor or model: )A’tl’f‘rsoeme = /\//\ll,rﬁh (X7y+h0)

The PUP for serial correlation correction only is defined as

VPUP aseline | ~hp
YiTo4h = Yim4h tP1€LT,

T = =
>l €111

To 52
t=2€1,t—1

This is a simple correction, that takes into account the autorrelation structure.

whereeé; 7, = Y17, — Yll)i;oe_l;ge and 7, =

23
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On the other hand, the PUP for cross-correlation correction only is defined as

Ypup

li
1LTo+h = me he T 1@y 1, 4h

where 7 is the projection coefficient of e; s one_; ; = (eay, . . ., en’t)’, where
eir = Yi(0) — M; (X:(0); 9).
To account for both cross correlation serial correlation structure;

PUP Vbaseline
Yl To+h = Ylf Toth T Zplsel To—s + Z Z Pj, Sej To+h—s
j=25==p

where e; = Y;(0) — M; (X:(0); 6)
Note that we need the errors for all units now.it is a high-dimensional problem
withp+1+ (n—1) x (2p + 1) parameters to be estimated.

24
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Fan et al., 2022 proposes FarmTreat which accounts accounts for high
dimensional and nonstationarity settings.

This method is a combination of latent factors and LASSO.

The outcomes are modeled as:
Yit(0) = viWi + NiF: + e
=~ Wi+ XNFe+ mhe_ it + vy,
where i, F; is a r-dimensional vector of common factors and ), its respective
vector of loads for unit /; and e;; is a zero mean idiosyncratic shock.

w1 is the coefficient of the linear regression of e; ; onto e_;; and v; the respective
projection error.

The authors also assume that W, F;, and e; ; are mutually uncorrelated.

25
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PUP Vs FarmTreat w UNIVERSITY

Note that FarmTreat controls for cross-section dependence, and the parameter
7 is estimated by LASSO regression of e;  on ’é_l,t on the pre-intervention
sample.

Therefore, FarmTreat is a PUP for cross-section correlation, with the baseline
model being:

. o~ ~
aseline

~/
troth = YiWLToh + M Frop.

Medeiros, 2024 shows that FarmTreat can be easily modified into a PUP for both
serial and cross-correlation correction:

~ ~J PPN - .
Y1T0+h(0) - '71W1,To+h + A1F7-()~5~h + Tr]efl.,Tn*f’h + (be].,To

26



Simulation Design: Dependence Correction &) BuIOk

Outcome equation:
Yie=0i¢+vWe+ Riy
- W; includes a constant, trend, and Gaussian noise. - R;; captures unobserved
**factor dependence**.
Unobserved component:

Rit=XNFi+eir, Fr=08F_1+¢e, AN~N(21)
Serial and Cross-Sectional Correlation in Errors:

. 0.8ei¢1+p'e_1t+v, ifi=1,
it = .
: Vit, otherwise.

- Treated unit has **both autoregressive errors and cross-sectional
dependence**,
Consider the case T = [75,150] and n = {T, 2T, 3T}

27



Results

S

T n=T n=2xT n=3xT
75 2.7285 2.1833 2.2728
150 2.2512 2.2536 2.1592

Farmetreat
n=T n=2xT n=3xT

75 2.5448 2.0809 2.1877

150 2.0792 2.07513 2.0521
Farmetreat + AR
n=T n=2xT n=3xT

75 1.2862 0.7940 0.9239

150 0.7670 0.5744 0.6215

28
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Recall that the ArCo model accounts for cross-section dependence given:

?1.,T“+h(0) = §1Y71,T0+h(0)

0, is estimated by LASSO regression of Y¥; ; on Y_; ; on the pre-intervention

sample.
0
Y(1t> = G(I)Y{ll,t"_ Vi

The ArCo can be extended to incorporate serial correlation correction i.e.
Vi7044(0) = 61Y 1 7,14(0) +6.Y1,7,(0)

where both 6, and 6, can be estimated by LASSO.

Therefore the ArCo can be extended as PUP estimator

29
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One Potential Extension is to model the time dynamics as a VAR i.e.

1 6 Y1.+(0)
0 1 Yo:(0)
~———

=V

=Ao+A Y1+ +AYepte

This is a potentially high-dimensional VAR model, and some sort of
regularization is needed.

The VAR framework allows for potential feedback from the treated to the
controls and could be a nice extension to capture spillover effects.

This issue has been mostly neglected in the synthetic control literature.

Another potential extension of model is to include factors in the model as in the
FAVAR.
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Conclusion




Thanks!

¥ benjamin.harrison@emory.edu
& benhars.com
¥ @benhars
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